A theory for the frequency dependence of ionic conductivity of an electrolyte solution is presented. In this theory contributions to the conductivity from both the ion atmosphere relaxation and the electrophoretic effects are included in a self-consistent fashion. Mode coupling theory, combined with time-dependent density functional theory of ion atmosphere fluctuations, leads to expressions for these two contributions at finite frequencies. These expressions need to be solved self-consistently for the frequency dependence of the electrolyte friction and the ion conductivity at varying ion concentrations. In the limit of low concentration, the present theory reduces exactly to the well-known Debye-Falkenhagen ͑DF͒ expression of the frequency-dependent electrolyte friction when the non-Markovian effects in the ion atmosphere relaxation are ignored and in addition the ions are considered to be pointlike. The present theory also reproduces the expressions of the frequency-dependent conductivity derived by Chandra, Wei, and Patey when appropriate limiting situations are considered. We have carried out detailed numerical solutions of the self-consistent equations for concentrated solutions of a 1:1 electrolyte by using the expressions of pair correlation functions given by Attard. Numerical results reveal that the frequency dependence of the electrolyte friction at finite concentration can be quite different from that given by the DF expression. With the increase of ion concentration, the dispersion of the friction is found to occur at a higher frequency because of faster relaxation of the ion atmosphere. At low frequency, the real part of the conductivity shows a small increase with frequency which can be attributed to the well-known Debye-Falkenhagen effect. At high frequency, the conductivity decreases as expected. The extensions of the present theory to treat frequency-dependent diffusivities of charged colloid suspensions and conductivity of a dilute polyelectrolyte solution are discussed.
I. INTRODUCTION
The dynamics of electrolyte solutions has remained a central area of research in physical chemistry for a long time. [1] [2] [3] [4] [5] [6] Despite vigorous activity over many decades, many fundamental problems have remained unsolved which have led to recurrent attempts by theoreticians to address them. The motion of ions in an electrolyte solution is usually described by the specific conductivity ͑͒ or by the equivalent conductance ͑⌳͒ which is the specific conductivity divided by the molar concentration of the salt. The best known expression for the equivalent conductance of an electrolyte solution is the Debye-Huckel-Onsager relation given by 7, 8 ⌳͑c ͒ϭ⌳ 0 Ϫ͑AϩB⌳ 0 ͒ͱc, ͑1͒
where ⌳(c) is the equivalent conductance of the electrolyte when the molar concentration of the salt is c, ⌳ 0 is the same at infinite dilution of the electrolyte. A and B are numerical constants which depend on dielectric constant, viscosity, and temperature of the solution and also on charges of the ions. The problem of ion motion can be naturally divided into several parts. The first is the problem of understanding the limiting ionic conductance ⌳ 0 , which is determined by the statics and dynamics of ion-solvent interactions. Significant progress has been made in recent years in understanding this problem. In particular, it has been pointed out that the ultrafast solvation of ions observed in water and acetonitrile can play an important role in reducing the magnitude of dielectric friction on small rigid ions. This and other aspects have been reviewed recently in Ref. 6 . The second important problem is the concentration dependence of the ionic conductance in the limit of small concentration, as embodied in the Debye-Huckel-Onsager square root concentration law given above. Many aspects of this law have been clarified in recent years and studies have been extended to higher concentrations. [9] [10] [11] [12] [13] However, a fully molecular theory which is valid at high concentrations, even for the simplest case of strong electrolytes, is yet to be developed. The third important problem is the motion of ions in the presence of an oscillating electric field. [14] [15] [16] [17] [18] [19] [20] The last one is the subject of the present article. The above-mentioned list is by no means exhaustive.
The motion of ions in the presence of a time-dependent electric field is traditionally described by the frequencydependent specific conductivity ͑͒ where is the oscillation frequency of the external field. The frequencya͒ Electronic mail: amalen@iitk.ac.in dependent conductivity is intimately related to the frequency-dependent electrolyte friction. One of the earliest studies of the frequency-dependent electrolyte friction and conductivity was that of Debye and Falkenhagen ͑DF͒.
14 These authors considered the dynamic effect of the relaxation of ion atmosphere on the motion of an ion. When an ion moves in electrolyte solution, the atmosphere cannot immediately follow the motion of the central ion and becomes asymmetric causing a retarding effect on the motion of the ion. At zero frequency, this relaxation effect leads to the B⌳ 0 ͱc term in Eq. ͑1͒. In presence of an oscillating field, the central ion oscillates and the ion atmosphere gets less time to relax and remains less asymmetric. As a result, the effects of the asymmetry of the ion atmosphere is reduced causing a reduction of the electrolyte friction and an enhancement of the conductivity at low frequency. At high frequency, the conductivity decreases because the ions oscillate so fast that the net ionic motion along a particular direction is smaller than that in the presence of a static or low frequency field. By using a diffusion equation approach for the time dependence of ion atmosphere, Debye-Falkenhagen derived the following rather unusual looking expression for the frequency-dependent electrolyte friction.
14 DF ͑ ͒ϭ DF ͑ 0 ͒ 1ϩͱq
where DF (0) is the zero-frequency friction, qϭ1/2 for a symmetric binary electrolyte and atm is the relaxation time of the ion atmosphere given by atm ϭ 1
.
͑3͒
Here, D 1 and D 2 are, respectively, the self-diffusion coefficients of the positive and negative ions and D is the inverse Debye screening length given by
where ⑀ is the static dielectric constant of the medium, q ␣ and ␣ are, respectively, the charge of an ion and bulk number density of species ␣, k B is Boltzmann constant, and T is the absolute temperature. The DF theory is valid at very low concentrations. For a typical 0.001 M solution of a 1:1 salt, atm ϳ10 Ϫ7 s and, therefore, the dispersion of the DF friction for such a solution is predicted to occur in the megahertz or below gigahertz region. The electrophoretic force, on the other hand, responds at rates comparable to that of molecular velocity correlations. The velocity correlation times in solutions are of the order of 0.1 ps and thus the dispersion of the electrophoretic contribution occurs at a frequency much higher than gigahertz. In DF theory, the frequency dependence of the electrophoretic effect is not considered. Thus, the well-known Debye-Falkenhagen effect of increasing conductivity with frequency arises solely from the decrease of the friction from the ion atmosphere. Thus one immediate effect of the frequency dependence is the inapplicability of any form like Debye-Huckel-Onsager limiting law.
Recently Chandra, Wei, and Patey ͑CWP͒ 19 have addressed the problem of frequency dependence of ionic conductivity. These authors derived analytical expressions of ͑͒ by employing a non-Markovian equation of motion of the self van Hove function of a tagged ion. By employing exactly known short and long time constraints upon the ionic self van Hove function, these authors derived two closedform expressions of the frequency-dependent conductivity ͑models I and II͒. Model I depends on an expression of the frequency-dependent diffusion coefficient which ensures that the short time dynamics up to the second frequency moment and the long time dynamics of the self van Hove function are described correctly. The final expression of the conductivity is described by a multiple Debye form
where m ␣ is the mass of an ion of species ␣. Model II of CWP is based on a different expression of the frequencydependent diffusion coefficient which correctly describes the short time dynamics up to the fourth frequency moment and also the long time dynamics of the ionic self van Hove functions. In this model, ͑͒ is given by 19 ͑ ͒ϭ 1
where ⍀ ␣ is the Einstein frequency of an ion of species ␣. We note that ⍀ ␣ 2 is proportional to the mean square force acting on an ion. The results of CWP were compared with those of molecular dynamics simulations. Their theory is capable of predicting the Debye-Falkenhagen effect at low frequency and was found to provide a reasonable description of the ionic motion at high frequency when there were no ion pairs and tightly bound solvation shells in the solution. 19 However, for many complex systems, the theory of CWP was found to be inadequate which, in part, can be attributed to the absence of full self-consistent calculation of the frequency-dependent electrolyte friction in this theory. It is clear that further work is needed to fully understand the ionic conductivity at finite frequency.
More recently we have developed a self-consistent theory of the zero-frequency conductivity which describes the ionic flow when a static field is applied. 12, 13 The theory is based on a combination of the mode coupling theory and the time-dependent density functional approach and included both ion atmosphere relaxation and electrophoretic effects. The theory correctly goes over to the well-known DebyeHuckel-Onsager ͑DHO͒ law 7, 8 in the limit of very low ion concentration. In addition, it remains valid in the much higher concentration regime where the DHO limiting law fails completely. In the present paper, we extend the abovementioned theory to investigate electrolyte friction and conductivity at finite frequencies.
In this work, we derive self-consistent expressions for the frequency-dependent electrolyte friction and the conductivity which incorporate the details of the static and dynamic ion-ion correlations and also the effects of self-motion of the ions. Both the ion atmosphere relaxation and the electrophoretic effects are calculated at finite frequency and these contributions are combined to obtain the frequencydependent friction and the conductivity. Self-consistency is essential in this problem because the dynamics of ion atmosphere relaxation and the electrophoretic friction depend on the mobility of the ions themselves. And the mobility of ions depends on the relaxation of these two effects. The abovementioned self-consistency also demands an inherently nonMarkovian theory for the relaxation of the ion atmosphere. It is shown that the DF expression of the frequency-dependent electrolyte friction can be recovered from the present microscopic theory in the limit of low ion concentration when the finite sizes of the ions are ignored and the collective dynamics of the ion atmosphere is described by diffusional motion. Thus, the validity and the limitations of the DF friction becomes clear from the present microscopic approach. The present theory also reproduces the expressions of the frequency-dependent conductivity derived by Chandra, Wei, and Patey 19 when appropriate limiting situations are considered.
Numerical results show that the frequency dependence of the electrolyte friction at finite concentration can be very different from that given by the DF expression. With increase of ion concentration, the dispersion of the friction is found to occur at a higher frequency because of faster relaxation of the ion atmosphere. Numerical results are also presented for the frequency dependence of the real and imaginary parts of the conductivity. At low frequency, the real part of the conductivity changes rather weakly with frequency. In fact, the real part shows a slight increase at low frequency which can be attributed to the Debye-Falkenhagen effect. At high frequency, the conductivity decreases because the ions oscillate so fast that the net ionic motion along a particular direction is smaller than that in presence of a static or low frequency field. The Cole-Cole plots of the conductivity reveal a nearly Debye behavior of the conductivity dispersion for very dilute solutions. As the concentration is increased, the dispersion becomes non-Debye at low frequency due to Debye-Falkenhagen effect.
The organization of the rest of the paper is as follows. In Sec. II, we present the theory and in Sec. III, we discuss the reduction to the Debye-Falkenhagen expression. In Sec. IV, we show how the conductivity expressions of CWP can be recovered from the present theory. We discuss the numerical results in Sec. V. Section VI concludes with a summary and a brief discussion on the extensions of the present theory to treat frequency-dependent diffusivities of charged colloid suspensions and conductivity of a dilute polyelectrolyte solution.
II. THEORETICAL FORMULATION
We consider an electrolyte solution consisting of positive and negative ions immersed in a continuum solvent of dielectric constant ⑀. The ions interact through a spherically symmetric short-range potential and a long-range coulombic interaction potential which is scaled by the value of the dielectric constant. The pair potential of interaction between two ions of charge q ␣ and q ␤ is given by
where r is the distance between the two ions and u ␣␤ SR (r) is a spherically symmetric short-range interaction potential. This so-called primitive model is well known in the studies of structure and dynamics of electrolyte solutions. 21 Throughout this paper, we label the positive ions as species 1 and the negative ions as species 2. We denote the position ͑r͒ and time ͑t͒ dependent number density of species ␣ as ␣ (r,t) and its Fourier transform ␣ (k,t) is defined by
In this paper, we are interested in calculating the frequency-dependent friction on a moving ion and the frequency-dependent conductivity of the solution. For this purpose, we consider a single tagged ion of charge q s . The velocity of the tagged ion is v s (t) at time t. Its time evolution can be described by the following generalized Langevin equation:
where s (t) is the total friction acting on the single tagged ion and f s (t) is the so-called random force. The frequencydependent friction s () is defined as the Laplace transform of s (t),
The self-diffusion coefficient D s () is related to the friction s () by the following generalized Einstein relation:
where m s is the mass of the tagged ion. In the present work, our focus will be on the calculation of the frequencydependent friction s () and the frequency-dependent selfdiffusion coefficient D s (). Once the frequency-dependent self-diffusion coefficient D s () is known, the frequencydependent conductivity () can be calculated by using the following generalized Nernst-Einstein relation;
19,21
where ␣ and q ␣ are defined in Sec. I. We note in this context that the frequency-dependent electric conductivity can, in general, be related to the Fourier transform of the electric current-current time correlation function. 21 Since the electric current is a collective dynamical quantity, its time correlation function comprises a self part that corresponds to a summation over the velocity autocorrelation functions of the ions and a cross part involving the sum of the correlation functions of the velocities of distinct ions. The generalized Nernst-Einstein relation ͓Eq. ͑12͔͒ includes only the self part and thus the cross part is ignored in the present work.
Although the importance of the cross part is smaller than the self part, it may not be negligible at high ion concentrations. However, at low and moderate concentrations, the contribution of the cross part is expected to be rather small. For example, at 0.5 M concentration of aqueous NaCl solution, an analysis of the simulation data of self-diffusion coefficients and conductivity reveals that the cross term reduces the static conductivity by less than 5%. 11 We also note that the solvent is considered to be a dielectric continuum in the present theory. At high concentrations, the molecular details of the ion-solvent and solvent-solvent correlations may become important. Because of these approximations, the present theory is limited to solutions of not too high concentration.
The total friction acting on the tagged ion can be decomposed into two parts. The first part is due to the microscopic interaction of the tagged ion with the surrounding solvent molecules and ions and the second part originates from the hydrodynamic coupling of the velocity of the tagged ion with the current modes of the surrounding particles. Thus, the total friction on the tagged ion can be written as
As discussed in Ref. 22 , Eq. ͑13͒ has a simple physical interpretation. A tagged ion diffuses by two mechanisms. The first one is by the random walk caused by its interactions with the surrounding solvent and ion molecules. The second is the random walk caused by the natural currents or flows present in the liquid. These two contributions to diffusions are additive, as they originate from two different types of motions. However, the mechanisms are coupled at a dynamic level which, in this theory, enters nicely through selfconsistency mentioned earlier.
The microscopic friction is most easily analyzed by using the Kirkwood's formula 23 for friction which expresses it in terms of an integration over the force-force time correlation function. Since the time-dependent force on the tagged ion has contributions from solvent density and polarization fluctuations and also from ion atmosphere fluctuations, one can decompose the total microscopic friction into a solvent contribution s;mic (cϭ0) 24, 25 which is assumed to be a constant independent of ion concentration and a concentrationdependent ion contribution ␦ s;mic (). In the present work, we calculate the frequency dependence of the ion contribution to the microscopic friction. Thus, the solvent contribution is not calculated in the present work. It determines the ion diffusion at infinite dilution whose value is assumed to be known from experiments.
The hydrodynamic contribution originates from the coupling of the ion velocity to the relevant current modes of the solution. Mode coupling theory directly provides an expression of the contribution of the currents of the system to the diffusion coefficient, that is, inverse of friction. [26] [27] [28] Since the current modes of the solution consists of both the solvent and ion currents, the hydrodynamic contribution to the total friction can be expressed as 12,13
where s;hyd (cϭ0) is the viscous friction which also includes the additional dielectric friction contribution due to the polarization current 29, 30 and ␦ s;hyd () represents the electrolyte friction on the tagged ion due to coupling with the ion atmosphere current, which is commonly known as the electrophoretic effect. In the following, we calculate the frequency dependence of the ion atmosphere contributions ␦ s;mic () and ␦ s;hyd ().
A. Calculation of the time-dependent microscopic friction, ␦ s,mic "t…
The time-dependent microscopic electrolyte friction, ␦ s,mic (t), is calculated by using the following Kirkwood formula:
where F(r,t) is the time-dependent force exerted on the tagged ion due to its interaction with all other ions in the solution. An expression for F(r,t) can be obtained from time-dependent density functional theory and the microscopic friction can be formally expressed as an integral over the wave vector space in the following form:
where F s (k,t) is the self-dynamic structure factor of the tagged ion. G ␣␤ (k,t) is the ionic van Hove function defined by
where ͗¯͘ denotes average over an equilibrium ensemble. N ␣ and N ␤ are, respectively, the number of ions of species ␣ and ␤ in the solution. We denote G ␣␤ (k,) as the frequency-dependent van Hove function obtained by Laplace transformation of G ␣␤ (k,t). Use of time-dependent density functional theory leads to the following equation for the frequency-dependent van Hove function:
13,32
where the frequency-dependent diffusion coefficient D ␣ () is related to friction by Eq. ͑11͒. S ␣␤ (k)ϭG ␣␤ (k,tϭ0) where S ␣␤ (k) is the partial static structure factor between species ␣ and ␤. S ␣␤ (k) is related to the Fourier transform of the pair correlation function h ␣␤ (k) by the following relation:
The four coupled equations (␣,␤ϭ1,2) as given by Eq. ͑18͒ can be solved analytically to obtain the following explicit results for the frequency dependence of the ionic van Hove functions:
where
and
In deriving Eqs. ͑20͒-͑25͒ we have also used the following relation between c ␣␤ (k) and S ␣␤ (k) for a two-component system:
and a similar relation between c 22 (k) and S 11 (k). These relations can be derived from the Ornstein-Zernike equations relating the direct and the pair correlation functions. 21 We note that the time dependence of the van Hove functions can be obtained through Laplace inverse transformation. The Laplace transform of the self-dynamic structure factor of the tagged ion can be described by
where D s () is the frequency-dependent self-diffusion coefficient of the tagged ion. We still require the solutions of the static structure factors and the direct correlation functions for the calculation of the microscopic electrolyte friction. We note that the direct correlation functions are related to the static structure factors by Eqs. ͑26͒ and ͑27͒ and the static structure factors are related to the pair correlation functions by Eq. ͑19͒. Thus, we require the solutions of the pair correlation functions for the calculation of the quantities S ␣␤ (k) and c s␣ (k). We need to specify the nature of the short-range interaction between ions for this purpose. We consider the ions to be charged hard spheres with their diameters becoming the parameters of the model solution and we use the solutions of Attard 33 for the ionic pair correlations which are quite accurate even at high concentrations.
B. Calculation of the hydrodynamic friction-The electrophoretic term
The ion atmosphere contribution to the hydrodynamic friction originates from the coupling of the tagged ion velocity with the collective ion current of the system. 12, 13 A formal expression of this friction can be derived from mode coupling theory by using c (k)j(Ϫk) as the relevant binary product where c (k) and j(k) are, respectively, the charge density and total ion current of the solution. The hydrodynamic friction is then given by
where u 0x is the velocity of the tagged ion along a particular direction ͑say, x͒ and e iLt is the time evolution operator. The vertices and the time correlation function in Eq. ͑29͒ can be evaluated to obtain the following formal expression for the hydrodynamic friction:
where N is the total number of ions in the solution. F s␣ (k,t) is the self van Hove function of an ion of species ␣, and G ␣␤ d (k,t) is the so-called distinct van Hove function between species ␣ and ␤. C L (k,t) and C T (k,t) are, respectively, the longitudinal and the transverse current correlation functions of the ions. The decay of the longitudinal current occurs at a much faster time scale than that of the transverse current. 21 For nonpolar liquids, it is known that the contribution of the longitudinal current to zero and low frequency friction is negligible ͑less than 5%͒ compared to the transverse term. 26, 27 Therefore, the contribution of the longitudinal current relaxation to the hydrodynamic friction is expected to be important only at very high frequency and we have ignored it in the present calculations. We also note that it is the transverse part which leads to the Stokes-Einstein relation for nonpolar molecules. 27 For electrolytes, the transverse term leads to the electrophoretic term of Debye-Huckel. 13 In the present work, we also assume a symmetric binary electrolyte with ions of equal size such that h 11 (k)ϭh 22 (k). Equation ͑30͒ then simplifies to
where is the total ion density of the solution. We note that the first term on the right-hand side of Eq. ͑31͒ gives the ion contribution to the usual Stokes ͑or viscous͒ friction and the second term represents the so-called electrophoretic friction.
In the following calculations, we will focus on the electrophoretic friction only because it is the most important hydrodynamic contribution to the total ionic friction. We also note that the relaxation of the transverse velocity correlation function occurs much faster than the distinct van Hove functions so that G 11 d (k,t) and G 12 d (k,t) in Eq. ͑31͒ can be approximated by their zero time values h 11 (k) and h 12 (k), respectively. Since the transverse current does not couple with density relaxation, its relaxation can be described quite well by an exponential function with a relaxation time inversely proportional to the shear viscosity of the medium as follows:
We note that the decay of the transverse ionic current as given by Eq. ͑32͒ is different from that of the pure solvent in the sense that the viscosity which appears in Eq. ͑32͒ is concentration dependent. In the numerical calculations, however, the viscosity is taken as an input parameter. We next substitute Eq. ͑32͒ in Eq. ͑31͒ to obtain the following simple expression for the frequency-dependent electrophoretic friction:
We have solved Eqs. ͑16͒ and ͑33͒ for the microscopic and the electrophoretic frictions iteratively to obtain the selfconsistent results of the frequency-dependent electrolyte friction at varying concentrations. The results of frequencydependent friction are then used to calculate the frequencydependent ion diffusion and conductivity by using Eqs. ͑11͒ and ͑12͒, respectively.
III. DERIVATION OF DEBYE-FALKENHAGEN FORM OF FREQUENCY-DEPENDENT FRICTION
In this section we identify the limiting conditions under which the present theory reduces to the well-known DebyeFalkenhagen expression ͓Eq. ͑2͔͒ of the frequency-dependent electrolyte friction. We note that in Debye-Falkenhagen theory, the frequency dependence of only the ion atmosphere relaxation contribution is considered and that of the electrophoretic term is ignored. Accordingly, we consider only the microscopic electrolyte friction as given by Eq. ͑16͒ and rewrite it in the following form:
where ͓C s (k)͔ is a row matrix defined by
and ͓C s (k)͔ † is the transpose of ͓C s (k)͔. ͓G(k,t)͔ is the 2ϫ2 van Hove function matrix with elements G ␣␤ (k,t), ␣,␤ϭ1,2. Clearly, ͓G(k,t)͔ becomes the structure factor matrix ͓S(k)͔ at tϭ0. We assume that the ions are point ions and use Debye-Huckel ͑DH͒ theory 34 of ion-ion pair correlations. The ion-ion partial structure factor is then given by
where the inverse Debye screening length D is defined by Eq. ͑4͒. The ion-ion direct correlation function for the point ions in DH theory can be obtained by combining Eqs. ͑26͒ and ͑27͒ and ͑36͒ and it is given by
We next assume that the relaxation of the ionic van Hove functions is described by diffusional motion. That is, we ignore the frequency dependence of D ␣ () in Eq. ͑18͒ and replace it by its zero-frequency value D ␣ and solve the resultant equation in the time domain to obtain
where ͓D͔ is the diagonal matrix of self-diffusion coefficients. When Eqs. ͑36͒-͑38͒ are substituted in Eq. ͑34͒, the resultant integral over the wave vector k can be evaluated analytically 35 and the final result of the time-dependent microscopic electrolyte friction is given by
where ⌽(x) is the error function and it is assumed that all ions have the same diffusion coefficient D. We note that Eq. ͑39͒ of time-dependent electrolyte friction becomes identical with the one derived by de Leon et al. 35 when the diffusion coefficient D in the right-hand side of Eq. ͑39͒ is replaced by D 0 , which is the value of the ion diffusion coefficient in the limit of infinite dilution.
The Laplace transform of Eq. ͑39͒ can be carried out analytically 36 to obtain the following expression of the frequency-dependent friction:
͑40͒
The zero-frequency microscopic electrolyte friction is given by
We next substitute Eq. ͑41͒ in Eq. ͑40͒ and rewrite the resultant expression of the frequency-dependent friction in the following form:
where q and atm are defined in Sec. I. Equation ͑42͒ is identical to the DF expression ͓Eq. ͑2͔͒. Thus, it is clear from the above-mentioned analysis that the present microscopic theory reduces to the DF theory in the limit of low ion concentration when finite sizes of the ions are ignored, electrophoretic effects are not included, and the collective dynamics of the ion atmosphere relaxation is described by diffusive motion.
It may be noted that the DF theory incorporates the cross dynamical coupling of ions at the level of ion atmosphere relaxation ͑or the ionic van Hove functions͒ and not at the level of ionic velocity or current relaxation. Thus, the DF expression of ion atmosphere friction does not include the effects of the so-called current cross terms. The DF expression is treated as the limiting expression of ion atmosphere friction when current cross terms are ignored and it is shown that the present microscopic theory correctly goes over to this limiting expression at the limit of very low ion concentration. Also, the contribution of the cross correlation is expected to be minimal at very low ion concentration where the DF theory is valid.
IV. DERIVATION OF THE CONDUCTIVITY EXPRESSIONS OF CHANDRA, WEI, AND PATEY
In this section we describe how the CWP expressions of the frequency-dependent conductivity can be recovered from the present theory. To recover the expression of model I ͓Eq. ͑5͔͒, we ignore the frequency dependence of s () in Eq. ͑11͒ and replace it by the zero-frequency value s so that
where, in deriving the second equality, we have used the Einstein relation s ϭk B T/D s m s . On combining Eq. ͑43͒ with the Nernst-Einstein relation ͓Eq. ͑12͔͒, one gets Eq. ͑5͒, which is the CWP model I expression of the frequencydependent conductivity. Thus, in this limiting case, the frequency dependence of the conductivity originates entirely from the inertial effects. Also, when D 1 ϭD 2 and m 1 ϭm 2 , the frequency dependence of the conductivity is described by a simple Debye form, 19 ͑ ͒ϭ
where is the conductivity at zero frequency. We note that the simple Debye form has been used in the literature as an empirical expression for ͑͒.
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To recover the expression of model II ͓Eq. ͑6͔͒, we ignore the hydrodynamic effects so that s (t)ϭ s;mic (t) and we write the total friction as
where F(r,t) is the total force ͑including the solvent contribution͒ acting on the tagged ion at time t. Clearly, s (tϭ0) is described by the zero-time force-force correlation
where ⍀ s is the Einstein frequency 21 of the tagged ion. We next assume an exponential decay of s (t) so that
where relaxation time s can be eliminated in favor of the diffusion coefficient D s by using the above-described Einstein relation and the resultant expression after Laplace transformation gives
, on combining with Eqs. ͑11͒ and ͑12͒, gives Eq. ͑6͒, which is the CWP model II expression for ͑͒.
Thus, in this model, the frequency dependence of conductivity originates from both the inertial and the non-Markovian effects. We also note that although the hydrodynamic effects such as electrophoretic contributions are not explicitly included in this model, such effects can be implicitly included to some extent by using proper experimental values of the zero-frequency diffusion coefficients.
V. NUMERICAL RESULTS AND DISCUSSION
We present numerical results of the frequency dependence of friction and conductivity for solutions of varying ion concentration. In the numerical calculations, all ions of the solutions are assumed to be of equal diameter and equal mass m for simplicity. The solutions are considered to be of a symmetric salt such that the charge of each positive ion is q 1 and that of each negative ion is Ϫq 1 and 1 ϭ 2 and also D 1 ϭD 2 . The solutions can be completely specified by specifying the values of the reduced charge q 1 * ϭͱq 1 2 /k B T, the reduced ion density 1 *ϭ 1 3 , and the dielectric constant ⑀. The values of ⑀ and q 1 * for all the solutions are 80 and 14.1, respectively. The abovementioned value of the reduced charge corresponds to the charge of a univalent ion of diameter 2.82 Å at Tϭ298 K.
In the numerical calculations, the self-consistent equations of the microscopic and electrophoretic frictions are solved iteratively. We first calculate the zero-frequency electrolyte friction and the zero-frequency diffusion coefficient D. This zero-frequency diffusion coefficient is then used as the initial guess for the frequency-dependent diffusion coefficient D() and we calculate the frequency-dependent ionic van Hove ͓Eqs. ͑20͒-͑23͔͒ and self van Hove ͓Eq. ͑28͔͒ functions. The time dependence of these van Hove functions are then calculated through numerical inverse Laplace transformation. This leads to the calculation of the timedependent microscopic friction s;mic (t) ͓Eq. ͑16͔͒, which is then numerically Laplace transformed to obtain s;mic (). The electrophoretic friction is calculated from Eq. ͑33͒. These two frequency-dependent frictions are then combined to obtain the new values of D() from Eq. ͑11͒. The entire process is repeated several times until convergence is achieved.
We decompose the frequency-dependent microscopic electrolyte friction into its real and imaginary parts as follows:
͑49͒
Similar decomposition is also made for the electrophoretic friction and the conductivity functions as these are all complex quantities at finite frequencies. In Figs. 1͑a͒ and 1͑b͒ , we have shown the frequency dependence of the real and imaginary parts of the microscopic electrolyte friction for 1 *ϭ0.000 135. The above-mentioned value of the reduced ion density corresponds to a 0.01 M solution for ϭ2. sion of the electrophoretic contribution is seen to occur at a much higher frequency as one would expect. In fact, any noticeable change in the electrophoretic term is found only above *ϭ10 3 , which corresponds to a frequency well above the gigahertz region. The dispersion of the solvent contribution to the ionic friction, which is assumed to be a constant in the present calculations, is also expected to occur in this frequency domain. The solvent contribution, being a larger effect, may dominate the dispersion of the total ionic friction at such high frequencies.
The results of the frequency dependence of real and imaginary parts of the ion conductivity are shown in Figs. 4͑a͒ and 4͑b͒ for the 0.01 and 0.1 M solutions. The ionic charges are the same as in Fig. 1 . The real part shows a slight increase at low frequency and then it decreases at high frequency as one would expect. The initial increase at low frequency can be attributed to the Debye-Falkenhagen effect. It is seen that the primary dispersion of the conductivity occurs at a much higher frequency than that of the microscopic electrolyte friction. The dispersion of the microscopic electrolyte friction is primarily determined by the inverse relaxation time of the ion atmosphere. The frequency dependence of the conductivity, on the other hand, is determined by the frequency-dependent diffusion coefficient D(). The primary dispersion of D() occurs at a much higher frequency than that of the electrolyte friction because of the presence of Ϫi term in the generalized Einstein relation ͓Eq. ͑11͔͒ which connects the diffusion coefficient to the friction at finite frequencies.
Sometimes the experimental results of the frequencydependent conductivity are analyzed in terms of the so-called Cole-Cole plots where the imaginary part of the conductivity is plotted against the real part at different frequencies. Such Cole-Cole plots for the two solutions are shown in Fig.  5 . Significant non-Debye behavior is observed at higher ion concentration. This is not unexpected as the Debye form of ͑͒ ͓Eq. ͑44͔͒ is valid only in limiting situations as discussed in Sec. V and, in general, the dispersion of the conductivity shows a more complex behavior.
VI. SUMMARY AND CONCLUSIONS
We have presented a self-consistent theory of the frequency-dependent friction on a moving ion and the conductivity of electrolyte solutions. The theory is based on a combination of the mode coupling theory and timedependent density functional approach and it incorporates the details of the static and dynamic ion-ion correlations and also the effects of self-motion of the ions. Both the ion atmosphere relaxation and the electrophoretic effects are included which are now frequency dependent and the results of the two effects are combined to obtain the frequencydependent electrolyte friction and the conductivity. It is shown that the present theory correctly reduces to the wellknown Debye-Falkenhagen expression of the frequencydependent electrolyte friction in the limit of very low ion concentration. It is also shown how the expressions of the frequency-dependent conductivity derived earlier by Chandra, Wei, and Patey 19 can be recovered from the present theory. Numerical results are obtained for the real and imaginary parts of the friction and the conductivity at various frequencies. It is found that at high concentration the frequency dependence of the friction can be quite different from that given by the Debye-Falkenhagen expression. With increase of concentration, the dispersion of the electrolyte friction is found to occur at a higher frequency because of faster relaxation of the ion atmosphere. The real part of the conductivity is found to change rather weakly at low frequency. In fact, at low concentration, a slight increase of the real part of the conductivity is observed at low frequency which can be attributed to the so-called Debye-Falkenhagen effect. The dispersion of the conductivity is found to occur at a much higher frequency than that of the ion atmosphere friction. Also, significant non-Debye behavior is observed in the Cole-Cole plots of the conductivity of concentrated solutions.
The theory of the frequency-dependent conductivity developed here can be used to study the dynamics of many interesting chemical phenomena such as solvation dynamics, [37] [38] [39] [40] dielectric relaxation, 5, 41, 42 and chemical reactions in electrolyte solutions. [43] [44] [45] [46] In all these chemical problems, the motion of ions in response to a time-dependent electric field or to a changing charge distribution inside the solution plays an important role and the theory developed here can be applied or generalized to study such problems. Also, in the present theory, the solvent is considered to be a dielectric continuum. Thus, although the present theory incorporates the static and dynamic ion-ion correlations and the screening effects, the molecular details of the ionsolvent and solvent-solvent correlations are missing. Also, since the conductivity is calculated by using the generalized Nernst-Einstein relation ͓Eq. ͑12͔͒, the dynamical cross correlations between velocities of distinct ions or the collective effects in the current-current correlation are not included in the present theory. Because of these approximations, the present theory is limited to solutions of not too high concentration ͑say, less than 0.1 M͒. In fact, recent computer simulations have shown that for highly concentrated solutions, the dynamic ion-solvent correlations and the cross velocity correlations are responsible for much of the complex behavior of the conductivity at finite frequencies. 19 Thus, it would certainly be worthwhile to generalize the present selfconsistent theory to include the molecularity of the solvent and also the collective effects in the current-current correlation.
The theoretical formulation developed here, and in our previous work, can be extended to understand some aspects of the conductivity of dilute polyelectrolyte solutions. This is a problem where dynamical cross correlations can be rather important. The large polyion, with very low mobility, can exert considerable amount of friction on the more mobile counterions and can in fact lead to a partial immobilization of those counterions which are in the proximity of the polyion. This immobilization occurs as a consequence of the slow decay of the polyion-counterion cross-correlation function. Note that this immobilization or the quenching of motion of the counterions is mostly dynamical in origin and is different from the more traditional static view of the ''Manning condensation.'' 47 Another problem of interest is the diffusion of charged colloids. While a detailed treatment of a tagged ion is still difficult because of the inhomogeneity, an average behavior can be obtained by following the procedure outlined in this paper. The basic aspect of the problem can be captured in the following fashion. The force on a counterion due to the polyion at a distance r from the polyelectrolyte center of mass can be given by F,͑r,t ͒ϭk B Tٌ ͵ drЈc ic ͑ rϪrЈ͒␦ c ͑ rЈ,t ͒ ϩk B Tٌ ͵ drЈc i j ͑ rϪrЈ͒␦ j ͑ rЈ,t ͒, ͑50͒
where c ci (r,t) is the colloid-ion direct correlation function, ␦ c (rЈ,t) is the density fluctuation of the colloids, c i j is the ion-ion direct correlation function, and ␦ j (rЈ,t) is the fluctuation in the density of ion type j. Equation ͑50͒ naturally leads to an expression for the friction which depends on the dynamic structure factor of the colloids. A similar expression can be written for the friction on the colloids which would involve the dynamic structure factor of the ions. These equations need to be solved self-consistently. While this method is well-known, one can carry out such detailed calculations now with the availability of the desired pair and direct correlation functions. In this context, we note the work of Leon et al. 35 where similar equations have been derived for the time-dependent friction on a charged colloidal particle from an approach of contracted description through generalized Langevin equation. 48 The resultant equations were, however, solved without incorporating the inherent self-consistency required in the problem. It would certainly be worthwhile to carry out full self-consistent calculations of the frequencydependent friction on such charged macroparticles. Work in these areas is in progress.
